An extended classical time allocation model with travel time reliability constraint is proposed in this study. The valuation function of travel time savings is deduced, and the relationship between the value of travel time savings and other social environment variables, especially the waiting time and service level, is revealed. Meanwhile, the change of the value of travel time savings with the waiting time and the service level is investigated through a comparative static analysis method. Analytical results show that the change of the value of travel time savings with the service level is dependent on the inverse of the cumulative distribution function. By contrast, the value of travel time savings tends to decrease with the increase in waiting time. The findings further imply that adopting the optimal head start can relieve the waiting time of urban commuters, thereby minimizing their generalized travel cost. Moreover, the values of service headway and reliability are analyzed, which can improve the quality of service toward either frequency or reliability improvements to reduce the cost for the society.
I. INTRODUCTION
With the development of road transportation, traffic congestion will be increasingly serious. Traffic management strategies, such as time-of-day pricing programs and congestion charging, are becoming effective measures for alleviating congestion and improving travel efficiency. Modern railway stations and public transport stops may become gathering places for non-commuters and commuters. The latter is the decisive factor for the morning and evening peaks in a metropolis or public transport stop. Therefore, studying the travel behavior of commuters has appealed intensively and extensively to researchers Several previous pioneering research efforts have been devoted to addressing the values of travel time and travel time savings, which are often among the largest benefit components in transport investment assessment. Such values are also the most significant benefit category in almost all transport infrastructure or related projects. Commuters must The associate editor coordinating the review of this manuscript and approving it for publication was Yi Qian . pay high pc tolls to save on travel time, or waste more travel or non-work time to avoid tolls. Therefore, it addresses the following questions: ''how to evaluate the time cost in each mode'' and ''how to analyze the travel behavior of travelers.'' The value of travel time savings is an important index in the areas of travel behavior analysis and traffic assignment models. With the development of a time allocation model, the measurement and theory of the value of travel time savings have been recently developed. The value of travel time savings was defined as the willingness to pay for unit travel time savings. However, this value varies with the change in individual socio-economic environments, including departure time choice, mode and route choice, income, physical conditions, and personal preferences. Therefore, introducing the related factors as exogenous variables from the perspective of social economics is necessary. Service level and waiting time are two important factors that affect the travel choice behavior of travelers. Service level, waiting time, and optimal service headway in the time allocation model from an analytical point of view remain serious challenges.
During the 1960s, the allocation and efficiency of time were introduced in traditional consumer behavior theory. Becker [1] first developed a general treatment of the allocation of time in all non-work activities, which only considered non-work time and goods as producing utilities. Subsequently, an analytical background on the time allocation models regarding commuters' travel choices was introduced in some studies [2] - [6] . The aforementioned research gradually developed time allocation theory and proposed the general concept of the values of time and travel time savings. Lam and Small [7] regarded the departure time as a variable to build the time allocation model, which influenced the utility, travel time, and cost. Gronau [8] considered that the value of time as a resource is related to other activities as work time and wage rate. Similar empirical studies on the influence of socio-economic environments on the value of travel time savings have been constantly emerging in recent years [9] - [13] . Frameworks on the valuation of travel time savings were introduced by Wardman and Waters II [14] . Jiang and Morikawa [15] proposed a time allocation model for the general case of travel behavior and explored the relationships between the value of travel time savings and the travel time, travel cost, and income through the comparative static analysis method. Considering the importance of the value of travel time savings in transport project appraisals, its theory frameworks have been widely applied in practical empirical studies. Various discrete choice models, including mixed logit [16] - [22] , multinomial logit [23] - [29] , binary logit [30] , [31] , nested logit [32] - [34] models, have been widely used to investigate the influence of variables in the empirical analysis. Hess et al. [16] estimated the value of travel-time savings via mixed logit models to analyze the effects of random taste heterogeneity. Hensher [19] derived the values of travel time savings using mixed logit models and found that less-restrictive choice model specifications tend to produce high estimates of values of time savings. Tjiong [22] re-estimated the values of travel time savings for nonworking trips presented using a mixed logit model. Cirillo and Axhausen [23] presented the results of a multinomial logit model, focusing on the distribution of the values of travel time savings. Blayac et al. [27] derived the valuation function of travel time savings from a nonlinear representative utility and verified the existence of a theoretical relationship by using the multinomial logit model. Senk and Biler [30] presented an estimation of the value of travel time savings in case of weekend leisure travel by using the willingness-to-pay method, which combined stated preference survey and binary logit model; they found that the estimated values of travel time savings are consistent with those of other countries. Leurent [31] proposed a binary logit model with a varying value of time to analyze the competition between a toll road and alternative, free roads. Ozbay and Yanmaz-Tuzel [32] proposed an extended time allocation model, considering the departure and arrival time choices, to investigate the theoretical relationship among the value of travel time, departure and arrival time choice, income, and travel time. The empirical results obtained using a nested logit model were consistent with the theoretical results. Shang and Zhang [34] developed a nested logit model to analyze the travel mode choice behavior on the basis of the basic theory of the disaggregate model and the data from the stated preference survey. Although considerable research has investigated the effects of different variables on the value of travel time savings by using various discrete choice models, studies on the change of travel time savings considering different variables from the view of theoretical analysis remain a popular topic today, whereas extending the time allocation model will still be the research focus in the future.
With the increasing traffic demand and congestion, the reliability of the transportation system is receiving increasing attention nowadays. Travel time and travel time reliability are important performance measures for assessing the traffic condition and extent of congestion on a roadway. Therefore, the travel time reliability constraint should be considered in building the classical time allocation model. Moreover, the service level control is a promising strategy for operationalizing policy objectives within road networks. Travelers select their travel modes on the basis of the service levels of alternative routes to a certain extent. Thus, the effect of the service levels of alternative routes on the value of travel time savings should also be investigated. In addition, waiting time as a random variable is an important influencing factor for the travel behavior of commuters or non-commuters. Travel time variability greatly affects the choice of departure time, which in turn affects the expected disutility value. Therefore, the utility function formulation and constraint selection should be extended to analyze the effects of these variables on the value of travel time savings. Furthermore, some factors of the generalized travel cost are investigated to search for a perfectly regular service headway.
The remainder of this paper is organized as follows: In Section II, the objective and contributions of this study are introduced. In Section III, a brief description of modeling is presented, and the value of travel time savings is elaborated. In Section IV, the change of the value of travel time savings with the service level and waiting time is deduced. In Section V, the optimal head start and the values of service headway and reliability are investigated. In Section VI, conclusions are drawn.
II. OBJECTIVES AND CONTRIBUTIONS
The objective of this study is to investigate the effect of social environment variables on the value of travel time savings. In comparison with other similar works, the service level as an important constraint condition is considered in building a time allocation model. Moreover, the travel time, including in-vehicle and waiting times, is redefined. The generalized travel cost with exogenous variables, such as desired arrival time, waiting time, and in-vehicle time, is considered to analyze the value of service headway and reliability. Overall, this study answers three questions regarding the change of travel time savings: (1) How do the waiting time and service level affect the travel time savings? (2) How does the cumulative distribution function of travel time affect the value of travel time savings? (3) How is travel time savings related to the value of service headway in public transit platform? The contributions of this study are twofold. First, this study is a pioneering work that explores the effect of the service level and waiting time on the value of travel time savings. This work evaluates the efficiency of traffic management strategies, such as the traffic signal optimization and best parking lot location, by determining the value of travel time savings from the analytical approach using our proposed model. Second, two critical factors influencing the change of travel time savings are derived, namely, the value of service reliability and the value of service headway. This study makes the values of service reliability and headway especially useful for the economic evaluation of public transport metro and bus rapid transit projects. Therefore, exploring the influence of important social environment variables on travel time savings is useful to reduce the cost for the society.
III. MODELING A. AN EXTENDED TIME ALLOCATION MODEL
The utility function formulation and constraint selection are the main challenges when constructing the time allocation model. This study aims to investigate the commuter's waiting time and traffic service level in the presence of an economic evaluation of public transport metro and bus rapid transit projects. Thus, the classical time allocation model should be extended with additional variables and constraints, including service level and waiting time. The mathematical formulation of the extended time allocation model is proposed as follows: 
The objective function (1a) represents an implicit utility function of some variables, including the cost of composite good, overall income, total available time, service level, desired arrival time, early arrival time, and waiting time. A commuter is assumed to maximize his/her utility under given constraints. The first constraint (1b) shows that the total income is divided into travel costs and the costs of other activities (e.g., goods). The second constraint (1c) determines the allocation of available time, including the spare time activities, travel time, and waiting time. The third constraint (1d) indicates that each travel mode or route choice has its minimum time requirement. α, referred to as the within-budgettime reliability, is the probability that the actual trip time is within the travel time budget for the commuter in Equation (1e). (1f) and (1g) indicate that travelers can arrive early to their D within the maximum early arrival flexibility. The proposed model assumes that travelers prefer to arrive early within the maximum available flexibility. The Lagrangian of this mathematical problem can be written as follows:
where the Lagrangian multipliers for these constraints, namely,λ, µ, k i , φ i , ρ i , and ϑ i , represent the marginal utility of income, marginal utility of time resource, and marginal utility of decreasing the time requirement of route or mode i. ϑ i = 0 is obtained when commuters always prefer to arrive early, i.e., b i t early i < t * early . For illustration purposes, ξ y can be written as ξ y =ξ y + ζ σ y ; then
Let (s) be the cumulative probability distribution (CDF) of the standard normal random variable, then we have −1 (ζ ) = α. Therefore, the Lagrangian function form of Equation (2) can be written as follows:
On the basis of the envelope theorem, the first-order partial derivatives can be written as follows:
The total differentials of V and V i are respectively obtained as:
We assume that the prices of goods are steady in a given period, obtaining ∂V ∂p = 0. Therefore, Equation (7) can be deduced using Equation (4) as follows:
The utility of a travel choice can be obtained using Taylor's expansion theorem and relaxation of constant marginal utility assumption. Here, we opt for a first-order Taylor expansion around the average point (t,
). Without loss of generality, only the relaxation of marginal utility of the service level is discussed in the subsequent subsection.
B. RELAXATION OF MARGINAL UTILITY OF THE SERVICE LEVEL
Multiplier φ only refers to the marginal utility of service level in Equation (7). By relaxing the assumption of the constant marginal utility and applying the first-order Taylor expansion for multiplier φ, we have
Equation (8d) under relaxing marginal utilities of other variables is obtained as follows:
The specification of partial derivatives yields a total differential form of V i , which allows it to obtain the representative utility function expression in Equation (9) as follows:
Change of utility function with waiting time and service level.
where
. Equation (9) shows that the utility of a specific travel choice i is increased with the decrease in waiting time and increase in service level, as shown in Figure 1 . This trend is consistent with the results obtained from empirical studies.
C. VALUATION OF TRAVEL TIME SAVINGS
On the basis of the interpretation of multipliers, De Serpa [3] proposed three concepts of time value as follows: (1) the value of time as a resource for the traveler (µ λ), (2) the value of time savings in the ith mode or route (k i λ), and (3) the value of assigning time to the ith mode or route ((∂V ∂t i ) λ).
If the particular case of travel is considered, the value of travel time savings can be unequivocally defined by this ratio, that is, k i λ = ∂V i/ ∂t i ∂V i/ ∂p i . Then a valuation function of travel time savings can be deduced from Equation (9) . The value of travel time savings is abbreviated as VOTTS, which underlines the fact that the service level and waiting time affect the behavior of travel choice, as (10) , shown at the bottom of previous page.
In Equation (10), the change in VOTTS with the service level and waiting time cannot be determined directly. We should use the comparative static analysis method to investigate the change of VOTTS with the service level and waiting time qualitatively.
IV. CHANGE OF THE VALUE OF TRAVEL TIME SAVINGS
To understand the variation of VOTTS with the service level and waiting time, we must realize the change of the value of time savings in the ith mode or route (k i λ), which satisfies Equations (1) and (4), based on the definition of VOTTS.
A. CHANGE OF VOTTS WITH SERVICE LEVEL
On the basis of Equation (4), Equation (11) can be obtained as follows:
The following equation (12) 
By solving Equation (12), the following is obtained:
For analytical simplification, we assume that V (·) is a monotonous additive function, as shown in Figure 1 . Leisure activity creates positive utility, and the marginal utilities of leisure goods and time are larger than zero. Both of the marginal utilities are decreasing, based on neoclassical microeconomics. Thus, the following is obtained:
Similarly, one obtains the following:
If the early arrival time is long, then the commuters will tend to leave early, and vice versa. Therefore, the marginal utilities of the early arrival and departure times have the same monotonicity, i.e., sign( (4) and (14), we can obtain the following:
A unit time increase in minimum travel time creates a negative benefit change, and the marginal utility of minimum travel time decreases, that is,
On the basis of Equation (13a), λ does not change with the service level in this case. However, the change in k i is unclear. On the basis of Equations (13b)-(13e), dk i dα can be transformed into the following equation:
> 0 when the inverse of CDF is monotonously increasing, as shown in Figure 2 . Thus, k i increases with the VOLUME 7, 2019 service level, and then VOTTS will increase with the service level. Therefore, the change of VOTTS with the service level is dependent on the change in the inverse of CDF. Results imply that the travel time distribution of route influences the commuters' travel behavior choice. As the service level increases, the travel time reliability increases and the travel time decreases. Therefore, the findings indicate that government departments should guarantee the travel time reliability of each link to save resources for the society.
B. CHANGE OF VOTTS WITH WAITING TIME
The effect of waiting time is examined using the total differential of Equation (11) to t w i : Then, on the basis of Equation (18), we obtain Therefore, we obtain dk i dt w i < 0, that is, k i decreases with the waiting time, and then VOTTS will decrease with the waiting time, as shown in Fig. 4 . The economic loosing of time spending by travel increases with the increasing of waiting time.
Results imply that government departments should consider intersection traffic signal optimization, the construction of the best parking lot location, and so on. In this way, the waiting time can be decreased, and the value of travel time savings can be increased.
V. VALUE OF SERVICE HEADWAY AND RELIABILITY
Commuters, especially transit users, often have less alternative routes or modes at their disposal than car users to arrive from O to D. As previously stated, a direct transit line connects the two points (O and D). However, the service headway is not perfectly reliable because of the random headway. The transit line operator sets the levels of service frequency and reliability. Time as a cost corresponds to the cost of travel increase, which creates a negative benefit change. On the basis of the above considerations, the generalized travel cost is p i (t i , t w i , t Di ), where t i , t w i , t Di are used as exogenous variables. Then, we can obtain Equation (19) for the travel cost by using Taylor's theorem.
. Furthermore, Equation (19) can be transformed into the following equation:
. We denote τ = t Di − t i as the head start; it is the time allocated to waiting time, which can be positive or negative. Thus, the travel cost can be written as follows:
When t w i < τ , the commuter arrives early at his/her destination; otherwise, he/she is late.
We further analyze the distribution function of headway and the waiting time before the optimal head start choice. We assume that the probability density function (PDF) and CDF of headway are ϕ h and h , respectively. We standardize (h) i∈Z , h = µ h +σ h , σ h ≤ µ h , where is a random variable with 0 mean and 1 variance. According to [35] , [36] , we can obtain the following results:
The PDF and CDF of the random variable have the following relationships:
The waiting time is a stochastic variable with PDF, that is,
µ h for x ∈ R + ; otherwise, it is 0. The mean and standard deviation of waiting time are obtained as follows:
where η h is the skewness of (h) i∈Z . The commuter chooses the head start, which minimizes his/her expected travel cost.
The first order condition is w (τ ) − ψ(1 − w (τ )) = 0, and the optimal head start is obtained asτ = −1 w ( 1 3 ). The minimum expected travel cost is obtained as follows:
To investigate the effect of service characteristics on the travel cost, two indicators are introduced in our study. That is, the values of service headway and reliability are ∂p i ∂µ h and ∂p i ∂σ h , respectively. Equation (25) is rewritten on the basis of Equation (22) aŝ
The value of service headway is derived as follows:
Then, the derivatives ofτ with respect to µ h is calculated, and w (τ ) is rewritten as follows:
Differentiating Equation (28) with respect to µ h yields:
By using Equations (29) and (27), one obtains
Furthermore, by differentiating Equation (26) with respect to σ h , the value of service reliability is derived as follows:
Differentiating Equation (28) with respect to σ h yields:
On the basis of Equations (31) and (32), the value of service reliability can be obtained as follows:
Remark: We will give special attention to the case of an exponential distribution for waiting time, that is, ϕ w (x) = κe −κx , κ > 0, x > 0. Then, we obtain the following relations:
On the basis of Equation (34), the values of service headway and reliability can be rewritten as
and
The value of service headway decreases with the headway variance σ h , whereas the value of service reliability irregularly increases with the headway variance σ h as shown in Fig. 5 . However, the headway affects the waiting time. Thus, the analytical results imply that although the relationship between the value of service reliability (the value of service headway) and various model parameters is complex in the general case, transit operators should control the waiting time though the change in headway. 
VI. CONCLUSION
An extended time allocation model considering the effects of service level, waiting time, and departure time is proposed, and a budget time reliability constraint condition is constructed in this study. Furthermore, the travel time, including the in-vehicle and waiting times, is redefined. We deduce the valuation function of travel time savings, which emphasizes the existence of a relationship between the value of travel time savings and the overall income, total available time, invehicle time, early arrival time, platform waiting time, and service level. We also investigate the change of commuters' travel time savings with the waiting time and service level. The analytical results show that the change of travel time savings is dependent on the travel time distribution of the route and head start. Among them, the travel time distribution of the route influences the commuters' behavior choice. Head start strategy can decrease the waiting time in public transit platforms. The analytical results are convincing and in accordance with our daily experiences. Therefore, an optimal head start under the user equilibrium condition is further deduced. The values of service reliability and headway are obtained. Hence, government departments should guarantee the travel time reliability of links to save resources for the society. In addition, no commuter can reduce his/her travel cost by unilaterally changing the head start. The relationship between the value of service headway and various model parameters is complex in the general case. Overall, the values of service headway and reliability are well suited for the economic appraisal of public transport projects. Although these strategies can save social resources and relieve the traffic congestion through theoretical analysis, this paper declares the following limitations:
(1) The proposed model is not deduced from empirical data.
(2) Some general assumptions are set during the theoretical analysis, but we do not relax these limitations using empirical analysis.
(3) Some analytical results are not verified using the empirical analysis because of the lack of supportive data.
In view of these limitations, determining how to validate and apply the model in road traffic by collecting relevant empirical data remains a challenging and serious issue. Our current study can be used as a theoretical material in relevant studies. This work has certain value in the research of the value of travel time savings and can be extended to other related research fields.
